This article gives results on several jet algorithms in electron-positron annihilation: Considered are the exclusive sequential recombination algorithms Durham, Geneva, Jade-E0 and Cambridge, which are typically used in electron-positron annihilation. In addition also inclusive jet algorithms are studied. Results are provided for the inclusive sequential recombination algorithms Durham, Aachen and anti-k t , as well as the infrared-safe cone algorithm SISCone. The results are obtained in perturbative QCD and are N 3 LO for the two-jet rates, NNLO for the three-jet rates, NLO for the four-jet rates and LO for the five-jet rates.
Introduction
Hadronic jets occur in all current high-energy collider experiments. They can be used to extract fundamental quantities like the strong coupling with high precision, as it is done in three-jet events in electron-positron annihilation. Furthermore they often occur in signatures for searches of new physics, typical examples are signatures consisting of jets plus missing transverse momentum for new particle searches at the LHC. A detailed understanding of jet physics is essential in both cases.
Loosely speaking, a hadronic jet consists of several detected particles in the event, all of them roughly moving in the same direction. For quantitative studies this intuitive pictures has to be made more precise. This is done by a jet algorithm, which groups the observed particles in the event into jets. There are several jet algorithms on the market, and as a consequence what is finally called a jet depends on the chosen jet algorithm. For a better understanding of jet physics it is essential to compare and test the various jet algorithms.
The theoretical description of jet cross sections in high energy collider experiments can be done in perturbation theory due to the smallness of the strong coupling. Recently, the next-tonext-to-leading order (NNLO) predictions for three-jet events in electron-positron annihilation have become available [1] [2] [3] [4] [5] [6] [7] . It is therefore natural to compare the predictions for different jet algorithms. In this paper I consider eight different jet algorithms, which can be grouped into two sets of four algorithms each. In the first group there are four jet algorithms traditionally used in electron-positron annihilation. These are the algorithms Durham, Geneva, Jade-E0 and Cambridge. The second class of jet algorithms considered in this paper are inclusive jet algorithms. Inclusive jet algorithms have their origins in hadron collisions, but can also be considered in electron-positron annihilation. The jet algorithms belonging to this second class are: the inclusive Durham algorithm, the Aachen algorithm, the anti-k t algorithm and the SISCone algorithm.
The motivation for this paper is twofold: First of all three-jet events in electron-positron annihilation can be used to extract the value of the strong coupling [8] [9] [10] [11] [12] [13] [14] [15] . Here one uses the exclusive jet algorithms from the first group, and -within this group -in particular the Durham algorithm. Although first NNLO results for the exclusive jet rates have already appeared in [3, 5, 6 ], a careful analysis would need a finer binning and better statistics within the Monte Carlo integration. Motivated by this request from the experimentalists I therefore provide in this article the exclusive jet rates with a fine binning in the jet resolution parameter and a small Monte Carlo integration error.
Let us now turn to the second motivation. The last years have seen the invention of several new jet algorithm to be used in hadron-hadron collisions, like the anti-k t -algorithm or the SISCone algorithm. These algorithms are infrared safe and therefore observables based on these jet algorithms can be calculated within perturbation theory. Although these new algorithms have been invented for hadron-hadron collisions, they can equally well be formulated for electronpositron annihilation. We can therefore study the properties of these new algorithms in the clean environment of electron-positron annihilation. This may provide valuable information for the behaviour of these algorithms in a hadron-hadron environment. As a first step in this direction I provide therefore in this article the perturbative predictions for four inclusive jet algorithms (inclusive Durham, Aachen, anti-k t and SISCone).
All results in this paper have been obtained with the numerical Monte Carlo program Mercutio2 [5, 16, 17] . This program gives the five-jet rate at leading order (LO), the four-jet rate at next-to-leading order (NLO) and the three-jet rate at NNLO. In addition, the two-jet rate can be deducted at N 3 LO from the knowledge of the total hadronic cross section at order α 3 s and the numbers above. The numerical Monte Carlo program relies heavily on research carried out in the past years related to differential NNLO calculations: Integration techniques for two-loop amplitudes [18] [19] [20] [21] [22] [23] [24] [25] , the calculation of the relevant tree-, one-and two-loop-amplitudes [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] , routines for the numerical evaluation of polylogarithms [41] [42] [43] , methods to handle infrared singularities and experience from the NNLO calculations of e + e − → 2 jets and other processes [54, [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] .
This article reports the pure QCD perturbative results for the jet rates. Not included are softgluon resummations nor power corrections. Perturbative electro-weak corrections to three-jet observables have been reported recently in [87] [88] [89] .
This paper is organised as follows: In the next section the set of jet algorithms studied in this paper is described in detail. In section 3 the perturbative expansion of the jet rates is reviewed. The numerical results for the jet rates are given in section 4. Finally, section 5 contains the conclusions.
Jet algorithms
A jet algorithm is a procedure for grouping particles into jets. A jet algorithm may depend on one or more parameters. Usually these parameters define how "large" a jet should be. For a meaningful comparison between experiment and theory a jet algorithm has to be infraredsafe. We may divide the jet algorithms into two categories: First there are the "exclusive jet algorithms", where each particle in an event is assigned uniquely to one jet. The exclusive jet algorithms are predominately used in electron-positron annihilation. The second class consists of the "inclusive jet algorithms", where each particle is either assigned uniquely to one jet or to no jet at all. The inclusive jet algorithms are mainly used in hadron-hadron collisions. It should be mentioned that there are also jet algorithms, which allow the possibility that a particle is assigned to more than one jet. Usually one adds then a split-merge procedure, which brings us back to the cases listed above.
Let me start with the specifications for exclusive the jet algorithms. The exclusive jet algorithms are mainly sequential recombination algorithms and are specified by a clustering procedure. The clustering procedure usually depends on a resolution variable and a recombination prescription. In the simplest case the clustering procedure is defined through the following steps:
1. Define a resolution parameter y cut 2. For every pair (p k , p l ) of final-state particles compute the corresponding resolution variable y kl .
3. If y i j is the smallest value of y kl computed above and y i j < y cut then combine (p i , p j ) into a single jet ('pseudo-particle') with momentum p i j according to a recombination prescription. 4 . Repeat until all pairs of objects (particles and/or pseudo-particles) have y kl > y cut .
The various jet algorithms differ in the precise definition of the resolution measure and the recombination prescription. The various recombination prescriptions are:
1. E-scheme:
The E-scheme conserves energy and momentum, but for massless particles i and j the recombined four-momentum is not massless.
2. E0-scheme:
The E0-scheme conserves energy, but not momentum. For massless particles i and j is the recombined four-momentum again massless.
3. P-scheme:
The P-scheme conserves momentum, but not energy. For massless particles i and j is the recombined four-momentum again massless, as in the E0-scheme.
For the Durham [90] , Geneva [91] and Jade-E0 [92] jet algorithms the resolution variables and the recombination prescriptions are defined as follows:
Durham:
Geneva:
where E i and E j are the energies of particles i and j, and θ i j is the angle between p i and p j . Q is the centre-of-mass energy. The Cambridge algorithm [93] distinguishes an ordering variable v i j and a resolution variable y i j . The clustering procedure of the Cambridge algorithm is defined as follows:
1. Select a pair of objects (p i , p j ) with the minimal value of the ordering variable v i j .
2. If y i j < y cut they are combined, one recomputes the relevant values of the ordering variable and goes back to the first step.
3. If y i j ≥ y cut and E i < E j then i is defined as a resolved jet and deleted from the table.
4. Repeat until only one object is left in the table. This object is also defined as a jet and clustering is finished.
As ordering variable
is used. The resolution variable is as in the Durham algorithm
and the E-scheme is used as recombination prescription.
In this paper we study in addition inclusive jet algorithms. The first three inclusive jet algorithms under consideration are again sequential recombination algorithms. The clustering procedure is now defined by 1. Define a resolution parameter y cut 2. For every pair (p k , p l ) of final-state particles compute the corresponding resolution variable y kl .
3. If y i j is the smallest value of y kl computed above and y i j < y cut then combine (p i , p j ) into a single jet ('pseudo-particle') with momentum p i j according to a recombination prescription.
4. Repeat until all pairs of objects (particles and/or pseudo-particles) have y kl > y cut .
5.
Objects with E ≥ E min are called jets.
This procedure depends on two parameters y cut and E min .
Step 5 is new compared to the clustering procedure of the exclusive case: Only pseudo-particles with an energy larger than E min are called jets. For the inclusive Durham algorithm, the Aachen algorithm [94] and the anti-k t algorithm [95] the resolution measures and the recombination prescriptions are defined as follows:
Aachen:
These resolution measures are all special cases from a family of resolution measures given by
which is parametrised by a variable p. The resolution measures for the Durham, Aachen and anti-k t algorithms correspond to p = 1, p = 0 and p = −1, respectively. The Aachen algorithm has originally been defined for deep-inelastic scattering, the anti-k t algorithm has originally been defined for hadron-hadron collisions. The definitions above adopt these algorithms to the case of electron-positron annihilation. The inclusive version of the Durham algorithm differs from the exclusive version of the Durham algorithm by the fact that at the end of the clustering procedure only pseudo-particles with an energy larger than E min are considered as (hard) jets. This is due to the additional step 5. For the Aachen and the anti-k t algorithms the additional step 5 is essential. The resolution measures of these algorithms allow that a single soft parton emitted at large angle to all hard jets forms a protojet after step 4. This would not be infrared-safe and step 5 removes protojets with an energy smaller than E min . In addition we consider one further inclusive jet algorithm: the infrared-safe cone algorithm SISCone [96] . We use the spherical version of this algorithm, which is appropriate for electronpositron annihilation. The algorithm depends on four parameters (R, E min , n pass and f ). The most important parameters are the the cone half-opening angle R and the parameter E min defined as above. For a uniform notation throughout this paper we relate the cone half-opening angle R to a parameter y cut by
The parameter n pass specifies how often the procedure for finding stable cones is maximally iterated. The split-merge procedure of this algorithm depends on an overlap parameter f . In detail the SISCone algorithm is specified as follows:
1. Put the set of current particles equal to the set of all particles in the event and set i pass = 0.
2. For the current set of particles find all stable cones with cone half-opening angle R.
3. Each stable cone is added to the list of protojets.
4. Remove all particles that are in stable cones from the list of current particles and increase i pass .
5. If i pass < n pass and some new stable cones have been found in this pass, go back to step 2.
6. Run the split-merge procedure with overlap parameter f .
7.
A set of particles defines a cone axis, which is given as the sum of the momenta of all particles in the set. A cone is called stable for the cone half-opening angle R, if all particles defining the cone axis have an angle smaller than R to the cone axis and if all particles not belonging to the cone have an angle larger than R with respect to the cone axis. The angle θ between a particle with three-momentum p j and a cone axis given by p cone is given by
The four-momentum of a protojet is the sum of the four-momenta of the particles in the protojet. This corresponds to the E-scheme. The split-merge procedure requires an infrared-safe ordering variable for the protojets. For events in electron-positron annihilation this ordering variable is denotedẼ and is given for a protojet I with three-momentum p I bỹ
The sum is over all particles in the protojet. The split-merge procedure is defined as follows:
1. Find the protojet I with the highestẼ(I).
2. Among the remaining protojets find the one (J) with highestẼ(J) that overlaps with J.
3.
If there is such an overlapping jet then compute the sum of the energies of the particles shared by I and J:
(a) If E shared < f E(J) assign each particle that is shared between the two protojets to the protojet whose axis is closest. Recalculate the momenta of the protojets.
(b) If E shared ≥ f E(J) merge the two protojets into a single new protojet and remove the two original ones.
4. Otherwise, if no overlapping jet exists, then add I to the list of jets and remove it from the list of protojets.
5. As long as there are protojets left, go back to step 1.
It should be noted that the SISCone algorithm described here is the one adapted to electronpositron annihilation. This version uses opening angles as a distance measure in contrast to the distance measure based on rapidity and azimuthal angle which is typically used in hadron-hadron collisions. Furthermore, the energy E and the ordering quantityẼ are used in the split-merge procedure instead of p t andp t . In this article we will always keep the default value of infinity for the parameter n pass . This ensures that all particles are associated to protojets. Furthermore we will also always keep the default value of f = 1/2 for the overlap parameter. The original implementation of [96] foresees the possibility that in step 1 of the split-merge procedure protojets with an energy smaller than a threshold E threshold are immediately discarded. We can set the value E threshold to zero, since we keep in step 7 at the end of the main algorithm only jets with an energy larger than E min .
The inclusive jet algorithms all depend on a parameter E min . It is convenient to introduce a dimensionless quantity η min , related to E min by
where Q 2 is the centre-of-mass energy. Throughout this paper we use the value
This value corresponds to E min = 7 GeV for Q 2 = m Z and is motivated by the value used by the OPAL collaboration [97] .
Perturbative expansion
The production rate for n-jet events in electron-positron annihilation is given as the ratio of the cross section for n-jet events divided by the total hadronic cross section
The arbitrary renormalisation scale is denoted by µ. The production rates can be calculated within perturbation theory. Assuming that the jet algorithm does not classify any event as a one-jet or zero-jet event, we have the perturbative expansions
If the jet algorithms allows the possibility that an event is classified as a one-jet or zero-jet event, we can keep the notation as above, but have to interpret R 2 as the production rate for events with no more than two jets. This occurs for example in the SISCone algorithm, where a tiny fraction of events are classified as one-jet events due to the split-merge procedure.
In practise the numerical program computes the quantities
normalised to σ 0 , which is the LO cross section for e + e − → hadrons, instead of the normalisation to σ tot . The corresponding coefficients A 2 (µ), B 2 (µ) and C 2 (µ) for the two-jet rate
are obtained from the coefficients of three-, four-and five-jet rates and the known perturbative expansion of the total hadronic cross section σ tot
We have
There is a simple relation between the coefficients A n , B n and C n and the coefficientsĀ n ,B n and
It is sufficient to calculate the functionsĀ O ,B O andC O for a fixed renormalisation scale µ 0 , which can be taken conveniently to be equal to the centre-of-mass energy: µ 0 = Q. For this scale choice the coefficients of the perturbative expansion of the total hadronic cross section are given by [98, 99] :
The colour factors are defined as usual by
N c denotes the number of colours and N f the number of light quark flavours. In eq. (20) there are in addition singlet contributions to the coefficient C tot , which arise from interference terms of amplitudes, where the electro-weak boson couples to two different fermion lines. These contributions are not shown in eq. (20) and neglected throughout this paper. At present, these singlet contributions are known at order α 3 s for the total hadronic cross section and the four-and five-jet cross sections. They are not known for the three-jet cross section, but can be expected to be numerically small [39, 100, 101] .
The scale variation can be restored from the renormalisation group equation
The values of the coefficientsĀ n ,B n andC n at a scale µ are then obtained from the ones at the scale µ 0 bȳ
Finally, an approximate solution of eq. (22) for α s is given by
where L = ln(µ 2 /Λ 2 ). This solution is appropriate for NNLO. The lower order solutions are obtained by dropping the corresponding higher order terms in 1/L. Note that in addition the scale parameter Λ has to be adjusted. We use the LO formula for α s in the five-jet rates, the NLO formula for α s in the four-jet rates and the NNLO formula for α s in the three-and two-jet rates. Note that it is consistent to use the NNLO formula for α s in the N 3 LO calculation for the two-jet rate. The leading order prediction for the two-jet rate is independent of α s . Using the N 3 LO formula for α s would not improve the theoretical prediction. It would merely include some -but not all -higher order terms.
Numerical results
In this section I present the results for the jet rates. The jet rates depend on the jet algorithm.
Results are provided for all jet algorithms introduced in section (2) . These are the exclusive sequential recombination algorithms Durham, Geneva, Jade-E0 and Cambridge, the inclusive sequential recombination algorithms Durham, Aachen and anti-k t , and the infrared-safe cone algorithm SISCone. The results are LO for the five-jet rates, NLO for the four-jet rates, NNLO for the three-jet rates and N 3 LO for the two-jet rates. The exclusive sequential recombination algorithms depend on a single parameter y cut . The inclusive sequential recombination algorithms depend in addition on a second parameter E min . The SISCone algorithm depends on four parameters y cut and E min as above and in addition on the two parameters n pass and f . For all jet algorithm the jet resolution parameter y cut is varied. The parameter E min , which occurs in the inclusive jet algorithms is kept fixed and set to
where Q 2 is the centre-of-mass energy. This value corresponds to E min = 7 GeV for Q 2 = m Z and is motivated by the value used by the OPAL collaboration [97] . The two additional parameters for the SISCone algorithm are also kept fixed to their default values:
For each jet algorithm I show two plots. The first plot shows the two-, three-, four-and five-jet rate of the jet algorithm at order α 3 s as a function of y cut . The second plot compares the three-jet rate at LO (which is of order α s ), at NLO (order α 2 s ) and NNLO (order α 3 s ). In these plots the values (27) are used. The renormalisation scale µ is varied from µ = m Z /2 to µ = 2m Z , this defines a band for the theoretical prediction which is shown in the plots. The plots for the various jet algorithms can be found in figs. (1) - (8) . It can be seen from the plots that the four inclusive jet algorithms show a different behaviour in the small y cut region as compared to the exclusive jet algorithms. This is expected since the additional (and fixed) parameter E min acts as an additional soft cut-off. The perturbative coefficients A 3 , B 3 , C 3 , B 4 , C 4 and C 5 are reported for each jet algorithm in tables (1) - (16) . Each table contains the results for the y cut -values
Results on the exclusive jet rates have already appeared for a few selected values of y cut in [3, 5, 6] . In this article we cover a wider range of y cut -values with a finer binning. The values in this article have been calculated with a significantly higher statistics in the Monte Carlo integration as compared to the values in [5, 6] . They are in reasonable agreement with the previous values.
The results on the inclusive jet rates are new results.
A few comments are in order: The experimental measured values of the jet rates are by definition in the range between zero and one. However, a theoretical prediction based on fixed-order perturbation theory can lead to results which are negative or larger than one. This can be seen for example in fig. (1) , showing the perturbative results for the exclusive Durham jet rates. In this plot one sees that the leading-order five-jet rate exceeds one for small values of y cut , as well as that the N 3 LO two-jet rate is negative for small values of y cut . In general, unphysical values for the jet rates indicate that large logarithms occur and invalidate a fixed-order perturbative expansion. In the small y cut -regions a fixed-order calculation has to be combined with a resummation of large logarithms. In the plots of figs. (1) - (8) we restricted our attention to the regions of y cut , where the fixed-order calculation is expected to be reliable by requiring that all jet rates are between zero and one. For each jet algorithm this determines a range [y cut,min , 1], which is plotted. Note that the range of y cut -values is different for each jet algorithm. On the other hand we report in tables (1) - (16) the perturbative results for all values of y cut between 10 −5 and 1 for all jet algorithms. The small y cut -values are useful for a matching between fixed-order and resummed calculations, as well as for a numerical treatment of resummation.
The bands in the plots of figs. (1) - (8) are obtained by varying the the renormalisation scale µ between µ = m Z /2 and µ = 2m Z . In higher orders of perturbation theory one observes a crossover of these bands. As a word of warning I would like to mention, that the usual procedure of estimating the error of uncalculated higher-order corrections from the scale variation can lead in the cross-over regions to an under-estimation. This can be seen in the lower plot of fig. (1): The NLO prediction for the three-jet rate shows a cross-over between y cut = 0.001 and y cut = 0.01. However, the NNLO prediction is outside the NLO-band. A more conservative approach would first construct a hull for the scale-variation bands and estimate the uncalculated higher-order corrections from this hull.
Conclusions
In this article I reported on perturbative predictions for the jet rates in electron-positron annihilation. Eight different jet algorithms have been studied. These are the exclusive sequential recombination algorithms Durham, Geneva, Jade-E0 and Cambridge, the inclusive sequential recombination algorithms Durham, Aachen and anti-k t , as well as the infrared-safe cone algorithm SISCone. The results are obtained in perturbative QCD and are N 3 LO for the two-jet rates, NNLO for the three-jet rates, NLO for the four-jet rates and LO for the five-jet rates. The results of this paper will be useful for an extraction of α s from three-jet events in electron-positron annihilation. They are also useful for a study of the properties of inclusive jet algorithms, which is relevant to LHC experiments.
Erratum
After publication of this paper a bug in the numerical program, which has been used to produce the numerical results of this paper, has been discovered. The bug affected the leading-colour contribution of the α 3 s terms. A typo in the phase-space parametrisation of the five-parton contribution led to the effect, that a certain region of phase-space was counted twice, while another region of phase-space was left out. The bug has not been detected previously, mainly because the wrong phase-space parametrisation reproduced the correct phase-space volume. The bug has been found by a re-calculation of the four-jet rates with a new method based on numerical integration of the virtual loop amplitudes [102, 103] . This bug has now been corrected. It turns out, that the changes in the results for the eventshapes and the moments of the eventshapes are not significant and the corresponding numbers in ref. [6, 7] need not be updated. However, the changes in the results for the jet rates -and in particular the changes in the results for the fourjet rates -are sizeable. Therefore, the numerical results and the plots in this version have been corrected. Table 6 : Perturbative coefficients for the Jade-E0 jet rates (continued). 
